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SUMMARY

This paper deals primarily with a comparative study based on different methods of solution for the problem of axially
compressed cylinders. A comprehensive discussion on the range of validity of these types of solutions is also included,
and an extensive numerical analysis has been carried out.

1. Introduction

The study of hollow circular cylinders has been of considerable interest and of much practical
importance because of their numerous uses in the industry. A detailed study of solid cylinders
under practical systems of loading was reported by Filon [2]. This method was improved by
Pickett [3], who introduced the multiple Fourier method in solving these problems. In the
multiple Fourier method, two or more series of particular solutions are chosen. Another type of
solution for problems of finite cylinders in terms of displacement functions, has been given by
Valov [4] and Blair and Veeder { 5]. Some of these solutions have been extended to the case of
hollow cylinders [6, 7]. The analysis in [6] provides only a formal mathematical solution and
does not deal with the numerical results. The three-dimensional elasticity solution involves a
great deal of labor and computational difficulties.

Johnson and Reissner [8] founded a theory of thin elastic cylindrical shells in which the
solutions are obtained by asymptoticintegration of the equations of three-dimensional theory
of elasticity. This solution is given for a semi-infinite cylindrical shell. Subsequently, Reiss [9]
showed that the solution obtained in [ 8] represents the exact solution in the regions away from
the edge, thatis, in the interior of the shell. Further, he pointed out that the solution in [8]is not
valid in the narrow edge zones recognized as boundary layer. The problem of axi-symmetric
compression of hollow cylinders was solved by Widera and Wu [10] by the superposition of
shell and boundary layer solutions on the interior solution. The solution in [10] is given for
orthotropic cylindrical shells. But due to the nature of the particular integrals chosen in [ 107,
the solution presented in that paper is not valid for isotropic cylinders.

The purpose of this paperis two-fold: to rectify the solution in [ 10], in particular for isotropic
cylinders, and to provide a comprehensive numerical solution for the axially compressed
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hollow cylinders based on various theories available in the literature. The functions and the
series involved in the solutions present considerable difficulty in computations and it is partly
due to thisreason that no real comparative datais available. The latter goal, mentioned above,
provides the basis for comparison, in the engineering sense, between the elasticity, shell and
boundary layer solutions. This is done with a view to recommend guidelines for design
engineers.

2. Boundary conditions

The boundary conditions for the elasticity, shell and boundary layer solutions are written
separately as follows.

(i) Three-dimensional elasticity solution:

Thecylinderhaving aninner and outer radii of a, band ahalflength cissubjected to anaxialload
of P. The curved surfaces of the cylinder are traction free and the ends have a constant axial
displacement w. The radial displacement u at the ends is taken as zero. Thus,

o,=1,=0 at r=a,b,

r

u=0and w= +k at z= +ec. (2.1

The origin of the cylindrical coordinate systemr, 8, zislocated at mid-height. Here the constant
k is chosen such that,

b
f O,l,-, 2nrdr = —P. : ' (2.2)

a

The normal and shear stresses are given by ,, 5, 7,, etc.

(ii) Shell and boundary layer solution:

For this type of solution, it is found to be convenient to change the origin of the coordinates to
the mid-surface of the shell. Hence, in this case, the boundary conditions are

g =1,=0atr=a, th

r

u=0and w= tk at z= *+c (2.3)

In these equations a, and h represent the mid-surface radius and half thickness of shell. The
constant kis again chosen from Eq. (2.2) with the upper and lower limits of integration changed
toa, + hand a; — hrespectively.

3. Elasﬁcity and shell and boundary layer solutions
The two types of solutions are first discussed in the following. The mathematical form of the

elasticity solution, which has been reported earlier [ 6], is being mentioned here for the sake of
completeness of the discussion.
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(?) Elasticity solution:
The ¢-component of the Galerkin vector is taken as

p=—-Lz*+ Y ocLZ [,z cosh o,z

m=1 “m
— (1 + a,ctanh o, ¢) sinh o, z][E, J o(2,,7) + F,, Yo(2,1)]

% sin S,z

+ X 57— LA,iB,1J 1 (iB,r) — B,Jo(iB,7)
+ C,BrH(iB,r) + D iH(iB,r)], (3.1)

where, A, B,,..., o, f, and L are unknown constants. Also, J, Y, are Bessel functions of
the first and second kind and H are Hankel functions of the first kind. Using basic definitions
of stresses and displacements in terms of ¢, [1], the following equations can be established:

Wu=73 C";ﬂnz [A, 8,7 iB,r) + B.iJ GB.r)
- Cni:BnrH(l)(iﬂnr) - DnH}(lﬂnr)]

+3

m=1

7“1* [,z sinh &, z — a,c tanh o,c cosh o, z][E, J (1) + F,, Y,(x,7)]

26w = —6(1 — WLz + 3 Sinﬂﬂ " {AL=HL = Wi,

+ iB,rJ(iB,1)] + B, Jo(iB,r) + C,[4(1 — v)iH(iB,r)

+ BrH{(iB,r)] + D,iHiB,r)} ~ % ozi [,z cosh a2

m=1 “m

— (3 = 4v + «,ctanh o, ¢) sinh o, Z][E, J (o, 1) + F,, Yo(o,7)],

o,=—6(1—-vL+ E: cos B,z{A,[ —2(2 — v)J(iB,7)

n=1

+iBrd (B, + B,J o(iB,r) + C,[22 — v)iH(iB,r)

+ BrHYBP] + DHYB) + Y [—a,zsinha 2

m=1

+ (2 — 2v + a,c tanh a,c) cosh o, z][ E, J o(2,,7) + F,, Yo(or,,7)], (3.2

where G and v designate the shear modulus and Poisson’s ratio of the material. The constants
A,, B,, ...areevaluated from the satisfaction of the boundary conditions given by Egs. (2.1)and
(2.2). These equations are further discussed in section (6).

(i) Shell and boundary layer solution:

The state of stress in this case is obtained by the superposition of an elementary solution and a
shell type solution. The elementary solution is [10]:
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6,= —KE/c, w=Kz/c, u=Kvr/c, (3.3)

where the constant K = Pc/(4na, hE).

Thebasicequationsfor the second solution are obtained by the asymptoticintegration of the
equilibrium equations, written in cylindrical coordinates, along with the generalized Hooke’s
law and strain displacement equations [ 10]. In this solution the boundary conditions are taken
as

w=0, u=u at z=0.

The quantities s,, s, etc., represent the non-dimensional stresses corresponding to g,, 7, €tc.
The non-dimensional displacements v, and v, are defined as

v, =u/g, v,=w/q, q=a,0(l —v’)E. : (3:4)

The governing equations for interior solution are obtained by choosing u = A*.

The second choice, 1 = A, yields the boundary layer equations. The parameters 4 and 4 are
defined as 4 = L/aand A = h/a, where Lis a small and undetermined length scale, denoting the
boundary layer. For further explanation and discussion of these parameters we refer to [10].

For the interior and boundary layer solutions the variable z is non-dimensionalized as ¢
and # respectively,

¢=(z+a/hay, n=(+h,

and the variable r is non-dimensionalized as p = (r — a,)/h. Asymptotic expansions for stress
and displacement components for the two cases are written as power series of A%. The functions
sO(&, pyand (&, p) represent the stress and displacement for the interior solution and t¥(y, p)
and w(y, p) give the boundary layersolution. Equating the coefficients of 1%, 4%, 1" etc.,on both
the sides of equations and integrating in a step by step manner, a solution for the interior
problem can be obtained [8]:

v, =00 + P, v, = VA + VA3,
5= + 520, s, =59+ sPA, 5, =sPA+ 5P, ete. (3.5)
For the boundary layer solution near the lower edge, z = —c,a procedure similar to the one

described above yields the first system of differential equations. Assuming the form of dis-
placements as

wiPm, p) = X auli(p, B) exp(—Brn),
n=1
wn, p) = T aus(p, BY) exp(— Bin), (3.6)
n=1
and inserting them back in the first system equations finally yields
t0m, p) = X a,14(p, By) exp(— ),
n=1
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500, p) = T a,73,(p, BY) exp(— in),
n=1
620 p)= X a7}, B¥) exp(—Bin),
n=1

th)(nﬂ p) = 2 anTgS(ps ﬂr) eXp(_lBrT”)a
n=1

i, + A*Br2ul — BBy = 0,
iy + Bi*u3/2R — B** By = 0. 3.7

The quantities 7;, A*, B*, etc. are

ij

iy = —Bfui{l + v’R/1 — )} —vRij, w5, = {(1 — Vi — Bivui}R,

T =@ — Brup)(l — V)2, 735 = —BRi{v + VR — )} + dy,

A* =21 —v+v*R)/(1 —v)?, B*=(2Rv+ 1 —v)/1 —v),

B** = (2Rv+ 1 —v)/{2R(1 —v)} and R =(1 —v})/(1 + v — 21?).
The notation 4, i, means the first or the second derivative of u, with respect to p. In these
equations, a, and B are complex constants obtained from the boundary conditions. Boundary
conditions (i) are to be satisfied at # = £ = 0 by the interior and boundary layer solutions
together. Without any loss of generality, the mid-surface displacements V?)(¢, 0) and V®)(¢, 0)
which are arbitrary functions of & can be taken as zero at & = 0.

Thesolutions for the variables u, and u,, which are introduced in Eqs. (3.7) and which govern

the complete boundary layer solution, are not correctly presented in reference [10]. The
modified solutions are presented as follows. Equations (3.7) e and f can be combined to give a

single fourth order differential equation which is found to have repeated roots. Hence the
solution is taken in the form

uy = (A, + pB,) cos B¥p + (C, + pD,) sin S*p. (3.8)
Substitution of u} in Eq. (3.7) yields

uy = {(3—4V)B,/B} — C, — pD, cos fp+{(3— 40)D,/B¥ + A, — pC,} sin fp.  (3.8)
For convenience ] and u are separated into symmetric and anti-symmetric parts as follows:

u} = A, cos B¥p + pD, sin BEp, uy = {(3 — 4v)D,/B* + A,} sin *p — pD, cos B*p,
and

uj = Cysin fp + pB, cos Bip, u; = {(3 — 4v)B,/B¥ — C,} cos Bfp — pB, sin f¥p.
(3.9)

Substituting Eqs. (3.9) along with the no-stress conditions on the cylindrical surface t(y, + 1)
=0 and t(n, +1) =0, into the basic differential equations, the following equations are
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obtained:

sin 28* + 2% =0, sin2pFf —28F =0. (@)
The final expressions for the symmetric and anti-symmetric solutions 4} and u} are

u} = K, c0s fp + psin f.p, 3= {3~ 4)p,, + K,}sinf,p — pcos B,p,

W) = p,sin B, p+ pcosB,p, uy={3—4)/p,, —p,tcosf,p+psinp,p (310
where,

K,= —21 =B, —tan f,, p, =21~ )/B,, —cotf,,.

In the above equations, f,, and f,, are the roots of Egs. (a). The complex constants a, are now
evaluated by using the principle of variation of energy due to complex stress field. It can be seen
that a, must satisfy the following system of equations.

Y (X, + Y.)a,=b, (3.11)
m=1

The quantities X, Y,,, and b,, are given as
X,/ —v)=sin 6, {2 — KB, K, + 1/8,) — B,(K,/6, — 1 + 2/6])}/,
+ sin 6,{(2v — K,,B,. (K, — 1/0,) — B, (K, /0, + 1 — 2/69)1/6,
80 3,427 + BB B, — 1183) = Bualpf65 + 1 = 2/59}0,
+8i0 6,{ =2V + FpBra)Py + 1/0,) + Bra(p/ds — 1 + 2/69}/0,
+cos 8, {—(Qv—K,B,.) + B.(K, + 2/6)}/6, + cos 6,{(2v — K, B,,,)
+ By(K, — 2/8,)}/8; + €08 03{(2V + BBy) + Bua(Pn — 2/03)}/05
+ €08 0,{(2V + PBr2) = BraPn + 2/0,)}/04
by = —4V/(B,y €08 By) = vy*{sin By [ppBrs — (1 — 291(2/B,.2 — 4/Bn2)
— Bal6/B%; — 12/B,] + €08 By [4/B2 5By — 1 + 2V)
= Ba(12/B35 = 2/B )1 = V), (3.12)
Vo1 =) = 5in 0, (R By + 1= 206 — 4B,y + K, + 1/0,]
+ B (3 — 4B,y + K,)/6, — 1 + 2/611}/6,
+sin 6,{—(K, B, +1— 223 — 4B, + K, — 1/6,]
+ B [— (B — 9B, + K)/J, — 1 + 2/531}/0,
+ 8in 63{(B By — 1+ 203 — W)/B,, — p, + 1/55]
— Bual(3 = W)/B,, — p,)/65 — 1 + 2/631/0,
+ 8i0 8, {(PpBpr — 1 + 2VI3 — 4)/B,, — P, — 1/0,]
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— Bal(@ — /B, — p,)/0, + 1~ 2/631}/0,

+cosé,{—(K B, +1—20)—B,[3—M)/B,, +K,+2/61}/5,
+ 08 8,{ —(K, By + 1 =2v)+ B, [3 — 4)/B,, + K, — 2/0,1}/3,
+ €08 33{ —(PBms — 1 + 20) + B,,[(3 — #)/B,, — p, + 2/5;1}/0,
+ €08 6,4 {(PpBs — 1+ 2v) = B[ = (3 — 4)/B,, + p, + 2/0,1}/0,,

and
51,2=Bm1 iﬂnl; 53,4=Em2iﬂn2; y4=3(1 _v2)/4‘

The notation () represents the complex conjugate of ( ).

4. Computation and discussion of results

Numerical computations for the two theoretical cases were carried out on an IBM computer
system with double precision. For the computational purpose the following inner to outer
radius and half length to outer radius ratios were studied.

An experimental investigation was also conducted by the authors [16], and some of relevant
datais shown in graphs. The details of the experiments performed are omitted from this paper.

Elasticity solution: It has been observed that there is a small residual stress g, at the curved
surfaces r = a, b. This is partly due to the contradiction in the boundary requirements at the
intersection of curved surfaces and the planes z = =+ ¢. According to the boundary conditions
the radial displacement is zero at the ends. In the present case this condition leads to radial and
tangential strains being zero. Writing these strains in terms of three-dimensional stress state
and solving for g, and o, results in the two relations

g, =vo /(1 —v), o=va /1 —v). 4.1)

It is evident from Egs. (4.1) that ¢, will not be equal to zero at z= +¢, since o, is finite.

Inthenumerical analysis and solution of theinfinite equationsresulting from the application
ofboundary conditions and Fourier transforms, some very interesting observations were made
regarding its convergence. For the thickest and shortest cylinder considered in this analysis, as
many as 15 terms were used in the series. It was observed that the solutions degenerate when a
large number of termsin the series are taken. These effects were predominant at theends. On the
contrary, with a large number of terms used in the series, a very slow convergence was observed
near the middle of the cylinder. An explanation of this behavior can be obtained from the
analysis of the infinite system. The system of equation can be written as

=
Il
TMs

C..x + b i=12..) 4.2)

1
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Fromthetheory of infinite systems of linear simultaneous equations, the approximate solution
obtained by using the method of reduction converges to the solution of the infinite system
provided the systemisregular and the free terms ofit are bounded. Aninfinite system of the form
(4.2) isregular if the sum of the absolute values of the coeflicients of each row is less than unity:

Yl <1, i=12... 4.3)
For a convergent system, the free terms are bounded in the form,
bl = Q[T —Xle; il i=1,2,... (4.4)

where the constant @, > 0. A numerical procedure was adopted to check the regularity of the
system. Fifteen terms were considered and the resulting equations assembled in the form of
Eq. (4.2). The sum of the moduli of the off-diagonal elements in each row of the coefficient
matrix was obtained, and it was observed that Egs. (4.3) are not satisfied. It is, therefore, con-
cluded that the system is not regular and the convergence is not guaranteed.

Boundary layer solution: The infinite system (3.11) was solved by reducing it to a 10 by 10
system.

The matrix (X,,, + Y,,,) is a hermitian matrix and in terms of the criteria (4.3) and (4.4) the
system is regular. The use of the first ten terms shows an indication of definite convergence.
Theroots 8, and f,,,as givenin [12, 13], have been used in the calculations. In the boundary
layer solution only the first non-zero system has been considered.

All the graphs generated from the numerical computations are not being presented in this
report. The conclusions are, however, based on all the results. Figures 1, 2, 3 and 4 show the
distribution of longitudinal stress obtained from the elasticity and shell and boundary layer
solutions at various z/c ratios. A comparison of the longitudinal stress is shown in Figure 5 and
6. This variation is plotted against z/c. Figures 7 and 8 show the comparison of the radial
displacement.

The two solutions give closer results in the regions away from the ends. For longer and
thinner cylinders (¢/b = 2 and a/b < %) both the solutions differ very slightly from each other.
The maximum variation in the prediction from these two theorfes is about 279 of the average
stress o for a cylinder with a/b = 2 and ¢/b = 1. This disparity occurs primarily in the edge
zones. The minimum s about 2.5% foracylinder witha/b = Zand ¢/b = 1. The variations of the
radial and axial displacement, not shown here, also follow the same general pattern.

Comparison is made on the basis of how close the experimental variation is to any of the two
solutions. On this basis it can be concluded that the three-dimensional theory gives better
results for thick and short cylinders (a/b < $and ¢/b < 3). While the shell and boundary layer
solution should be preferred for thin and long cylinders (a/b =2 and c/b = 2). In the
intermediate range of the parameters a/b, ¢/b and in the regions away from the end of the
cylinder both the theories give similar results.

It can be seen that by properly accounting for the edge effects, shell theory gives good results
for relatively thick shells (a/b = 0.75). The results obtained from classical shell theory, as
reported earlier [ 15], were restricted to a/b = 0.9.
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Figures 1, 2. Distribution of longitudinal stress.
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Figure 5. Distribution of longitudinal stress along the outer surface.
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